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TD1 Metric spaces - Normed vector spaces

Exercise 1. Let (® = {x = ({;)i =1%,¢; € Rs. t. sup |{;| < oo}. It is recalled that (> equipped
i

with the norm ||.||, is a Banach space. We consider the following sets:

c = set of real convergent sequences, (1)
co = set of real sequences converging to 0, (2)
coo = set of real sequences with a finite number of nonzero terms. 3)

1. Verify that c, co, and cop are vector subspaces of *°.
2. Are the spaces c, co, and coo Banach spaces? Justify.
3. Show that cq is dense in cy.

Exercise 2. Given a normed vector space (X, || - ||). The set e,,n > 1 is called a Schauder basis for X
if for every x € X, there exist unique a, € K such that ||x — Y, aje;|| = 0as n — +o0. The series
Y.i2 1 wie; is called the expansion of x with respect to the basis e,, n > 1, and we write x =Y ;- | we;.

1. Show that e, = (6j)i>1,n > 1is a Schauder basis in (P, where p > 1.
2. Show that if X has a Schauder basis, then X is separable.
3. Conclude that £*° does not have a Schauder basis.

Exercise 3. 1. Construct the unit balls in (R?, [[-l,) corresponding to p = 1,2, co.

2. Show that N(&1,¢2) = \/C% + 28182 + 583, €1, &2 € R defines a norm on R?. Construct its unit
ball.

Exercise 4. Let X be a vector space, and let N : X — R be a function satisfying the following properties
forall x € Xand a« € R:

e N(x) >0,and N(x) = 0 ifand only if x = 0.
e N(ax) = |a|N(x).
Show the equivalence of the following statements:
1. Nisanormon X.
2. N is convex.
3. Theset {x € X | N(x) < 1} is convex.
Exercise 5. Let Y be a closed subspace of a normed vector space (X, ||.]|).

1. Show that the function |||, : X/Y — R defined by ||%||, = inf{||x|| | x € £} defines a norm on
X/Y.



2. Prove that if X is complete, then X /Y is a Banach space.

Exercise 6. Let C be a compact convex set in IR", such that 0 belongs to the interior of this compact
convex set. The gauge of this convex set (or the Minkowski functional of the convex set) is the function
j:R" — R, defined as

j(x) =inf{t > 0 | % e Clh. (4)

Show that for all x,y € R" and a > 0:
1. j(x) = 0ifand only if x = 0.
2. j(ax) = aj(x).
3. j(x+y) <j(x) +jy).

4. If C is symmetric with respect to the origin, the gauge j defines a norm on R" whose closed unit
ball is the compact set C.

Exercise 7. Let X be a normed vector space over R. X is called uniformly convex if for every e > 0,
there exists 6(e) > 0 such that

. X+
Il = Iyl = Lz =y > eimply |52 <1~ ot ®

1. Verify that (R", |.|[,,), for 1 < p < oo, are uniformly convex.
2. Are the spaces (R",||.||;) and (R", ||.||) uniformly convex?
Exercise 8. Given X as a Banach space and K as a compact subset in X.
1. Show that for every x € X, there exists y € K such that ||x — y|| = infex ||x — z||.

2. Show that if y is unique, then the map Px : X — K defined by ||x — Pxx| = inf.ck ||x —z|| is
continuous.

Exercise 9. Let Y be a finite-dimensional subspace of a normed vector space X.
1. Show that for every x € X, there exists y € Y such that ||x — y|| = inf,cy ||x — z||.
2. Show that if, in addition, X is uniformly convex, then y is uniqgue.

Exercise 10. Show that the interior of a compact subset in an infinite-dimensional normed vector space
is empty.

Exercise 11. Let X be a vector space, p : X — R be a seminorm, and Y = {x € X | p(x) = 0}.
Consider X/Y = {% = x+ Y | x € X}, the associated quotient space (composed of equivalence classes
resulting from the equivalence relation x1 ~ xp if x1 — x2 € Y).

1. Verify that Y is a subspace of X.
2. Show that p(0) = 0and |p(x) — p(y)| < p(x —y) forall x,y € X.

3. Conclude that ||%||, = p(x), where x € %, is uniquely defined, and ||.||, : X/Y = R, ||£||, =
p(x), x € % defines a norm on the quotient space X /Y.



Exercise 12. Consider X, the vector space of C* functions on [0, 1] such that f(0) = 0.

1. Define, for f € X, N(f) = ||fllec + |lf'||co- Show that N is a norm on X.

2. Show that forall f € X and x € [0,1], f(x) = e™* [, e'(f(t) + f/(t)) dt.

3. Define, for f € X, N'(f) = ||f + f||co. Show that N" is a norm on X and is equivalent to N.
Exercise 13. Let A be the set of continuous functions on [0, 1] such that f(x) > 0 forall x € [0,1].

1. Equip C[0, 1] with the norm ||f|lcc = SUP e [01] |f(x)|. Show that A is closed and determine its
interior.

2. Equip C|0, 1] with the norm || f||1 = fol |f(x)| dx. Show that the interior of A is empty and that
A is closed.

Exercise 14. Consider X = C!([a, b]).

1. Is X complete when equipped with the uniform norm ||.||es?

2. Consider the norm N(f) = supyc iy | f() || + sup,ep p 1 ()]]. Is the space (X, N) complete?
Exercise 15. Let A = {x, = (0i)52, |n =1,2,...} C L~

1. Verify that

|xnlle =1, foralln > 1, (6)
|Xn — Xmlloo =1 — Opm, forall n,m > 1. (7)
2. Conclude that A is closed and bounded.
3. Is A compact? Justify your answer.

Exercise 16. Let X be a uniform convex Banach space, and let K be a non-empty, convex, closed subset
in X. Show that for every x € X, there exists a unique y € K such that ||x — y|| = inf ex||x — z||.



