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Exercise 1: Are the following functions metrics on E?

1) d(x; y) =
��x2 � y2�� ; E = R:

2) d(x; y) =
��x3 � y3�� ; E = R:

3) d(x; y) = ex�y; E = R:

4) d(x; y) =

����1x � 1y
���� ; E = R�:

5) d(x; y) = jx� 3yj ; E = R:

Exercise 2: Let E = fx; y; zg; and d : E � E �! R a map de�ned by8>><>>:
d(x; x) = d(y; y) = d(z; z) = 0;

d(x; y) = d(y; x) = 1;
d(y; z) = d(z; y) = 2;
d(x; z) = d(z; x) = 4:

Is d a metric on E?

Exercise 3: Let d be a metric on E.
1- Prove that the following functions are also metrics on E:

(a) d1(x; y) = min fd(x; y); 1g ;

(b) d2(x; y) =
d(x; y)

1 + d(x; y)
:

2- Show that a set O � E is open with repect to d if and only if it is open with respect to
d1 if and only if it is open with respect to d2.
3- If (E; d) is complete, show that (E; d2) is complete.

Exercise 4: Let E be a non-empty set. De�ne on E � E the map

d(x; y) =

�
0; si x = y
1; si x 6= y :

1- Show that d is a metric (discrete metric) on E.
2- Let a 2 E and r 2 R�+: Determine the open ball Bd(a; r), the closed ball Bd(a; r) and the
sphere Sd(a; r):
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Exercise 5: Let (E; d) be a metric space, a point of E and A a non-empty set of E. Show
that:

a 2 A () d(a;A) = 0:

Exercise 6: Let (E1; d1) and (E2; d2) be two metric spaces, and f a map from E1 to E2:
1- Show that:

f uniformly continuous ()
8(xn)n2N; (yn)n2N sequences of E1 : lim

n!+1
d1(xn; yn) = 0 =) lim

n!+1
d2(f(xn); f(yn)) = 0:

2- Deduce that the function f(x) = sin
1

x
is not uniformly continuous on ]0;+1]:

(Take: xn =
1

2n�
; yn =

1

2n� + �
2

, n 2 N�):

Exercise 7: Let (E1; d1) and (E2; d2) be two metric spaces, and let f be a uniformly
continuous mapping from E1 to E2.
Show that the image of any Cauchy sequence in E1 under f is a Cauchy sequence in E2:

Exercise 8 : Let (E; d) be a metric space, A and B two non-empty disjoint closed sets of
E. Show that there exists f : E �! R continuous such that:

f jA = 0; f jB = 1; 0 � f � 1:
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